Abstract. Assume ZF + AD + + V = L(P(R)). Let ≈ denote the relation of being in bijection. Let κ ∈ ON and Eα : α < κ be a sequence of equivalence relations on R with all classes countable and for all α < κ, R/Eα ≈ R. Then the disjoint union α<κ R/Eα is in bijection with R × κ and α<κ R/Eα has the Jónsson property.
Introduction
The original motivation for this work comes from the study of a simple combinatorial property of sets using only definable methods. The combinatorial property of concern is the Jónsson property: Let X be any set. For each n ∈ ω, let [X] n = = {f ∈ n X : (∀i, j ∈ n)(i = j ⇒ f (i) = f (j))}. Let <ω = ] = X. That is, F can be made to miss at least one point in X when restricted to the collection of finite unequal tuples of some subset Y of X of the same cardinality as X.
Under the axiom of choice, if there is a set with the Jónsson property, then large cardinal principles such as 0 ♯ hold. Using a measurable cardinal, one can construct models of ZFC in which 2 ℵ0 is Jónsson and is not Jónsson. Hence assuming the consistency of some large cardinals, the Jónsson property of 2 ℵ0 is independent of ZFC. Using AC, the sets R, R ⊔ ω 1 , R × ω 1 , and R/E 0 are all in bijection. (E 0 is the equivalence relation defined on R = ω 2 by x E 0 y if and only if (∃m)(∀n ≥ m)(x(n) = y(n)).) From a definability perspective, the sets R, R × ω 1 , R ⊔ ω 1 , and R/E 0 do not have definable bijections without invoking definable wellorderings of the reals which can exist in canonical inner models like L but in general can not exist if the universe satisfies more regularity properties for sets of reals. For example, there are no injections of R/E 0 into R that is induced by a ∆ Holshouser and Jackson then asked if the Jónsson property of sets is preserved under various operations. The disjoint union operation will be the main concern of this paper: If κ ∈ ON and X α : α < κ is a sequence of sets with the Jónsson property, then does the disjoint union α<κ X α have the Jónsson property? (Here will always refer to a formal disjoint union in constract to the ordinary union .) More specifically, does a disjoint union of sets, each in bijection with R, have the Jónsson property? The determinacy axioms are particular helpful for studying sets which are surjective images of R. Hence, a natural question would be if E α : α < κ is a sequence of equivalence relations on R such that for each α, R/E α is in bijection with R, then does α<κ R/E α have the Jónsson property? An equivalence relation E on R is called smooth if and only if if R/E is in bijection with R. (Note that this term is used differently than the ordinary Borel theory which would define E to be smooth if R/E injects into R. This will be refered as being weakly smooth.) ∆ 1 1 equivalence relations with all classes countable are very important objects of study in classical invariant descriptive set theory. One key property that make their study quite robust is the Lusin-Novikov countable section uniformization, which for instance, can prove the Feldman-Moore theorem. [2] attempted to study the Jónsson property for disjoint unions of smooth equivalence relations with all classes countable. It was shown in [2] that if E α : α < κ is a sequence of equivalence relations with all classes countable (not necessarily smooth) and F : [ α<κ R/E α ] <ω = → α<κ R/E α , then there is a perfect tree p on 2 so that
(Here R refers to the Cantor space ω 2.) This "psuedo-Jónsson property" would imply the true Jónsson property if α<κ [p]/E α is in bijection with α<κ R/E α . In general for nonsmooth equivalence relations, this can not be true since, for example, E 0 is an equivalence relation with all classes countable and R/E 0 is not Jónsson ( [3] ). When each E α is the identity relation =, then one can demonstrate these two sets are in bijection. This ( [2] ) shows that R × κ has the Jónsson property, where κ is any ordinal, using only classical descriptive set theoretic methods and does not rely on any combinatorial properties of the ordinal κ.
[2] asked if E α : α < κ consists entirely of smooth equivalence relations on R with all classes countable and p is any perfect tree on 2, then is α<κ R/E α and α<κ [p]/E α in bijection? Do such disjoint unions have the Jónsson property? The most natural attempt to show that wellordered disjoint unions of quotients of smooth equivalence relations with all classes countable is Jónsson would be to show it is, in fact, in bijection with R × κ, which has already been shown to possess the Jónsson property.
The computation of the cardinality of wellordered disjoint unions of quotients of smooth equivalence relations on R with all classes countable is the main result of the paper. Under AD + , any equivalence relation on R has an ∞-Borel code. However, for the purpose of this paper, given a sequence of equivalence relations E α : α < κ on R, one will need to uniformly obtain ∞-Borel codes for each E α . It is unclear if this is possible under AD + alone. For the purpose of obtaining this uniformity of ∞-Borel codes, one will need to work with natural models of AD + , i.e. the axiom system ZF + AD + + V = L(P(R)). It should be noted that the assumption that each equivalence relation has all classes countable is very important. Analogous to the role of the Lusin-Novikov countable section uniformization in the classical setting, Woodin's countable section uniformization under AD + will play a crucial role. There are some things that can be said about α<κ R/E α when E α : α < κ is a sequence of smooth equivalence relation (with possibily uncountable classes). It is immediate that α<κ R/E α will contain a copy of ω 1 ⊔ R. Hence ω 1 ⊔ R is a lower bound on the cardinality of disjoint unions of quotients of smooth equivalence relations. An example of Holshouser and Jackson (Fact 4.2) produces a sequence F α : α < ω 1 of smooth equivalence relations such that α<ω1 R/F α is in bijection with ω 1 ⊔ R. So this lower bound is obtainable. In fact, in natural models of AD + , if a set X ⊆ [ω 1 ] <ω1 contains a copy of R ⊔ ω 1 , then it can be written as an ω 1 -length disjoint union of quotients of smooth equivalence relations:
<ω1 and R ⊔ ω 1 injects into X. Then there exists a sequence E α : α < ω 1 of smooth equivalence relations on R so that X is in bijection with
<ω1 has a sequence E α : α < ω 1 of smooth equivalence relations such that X ≈ α<ω1 R/E α if and only if R ⊔ ω 1 injects into X.
R × κ is a disjoint union coming from E α : α < κ where each E α is the = relation, which is an equivalence relation with all classes countable. However, the proof of Theorem 6.1 uses equivalence relations with uncountable classes. Intuitively, it seems that R ⊔ ω 1 , [ω 1 ] ω , and [ω 1 ] <ω1 should not be obtainable using equivalence relations with countable classes. This motivates the conjecture that if E α : α < κ is a sequence of smooth equivalence relations with all classes countable then the cardinality of α<κ R/E α is R × κ.
Woodin [15] <ω1 . On the other hand, it difficult to see how one could establish the Jónsson property for every set that appears in this rich cardinal structure using solely the manifestation of these sets as a disjoint union of quotients of smooth equivalence relations.
The main tool for computing the cardinal of wellordered disjoint union of quotients of smooth equivalence relations with all countable classes is the Woodin's perfect set dichotomy which generalizes the Silver's dichotomy for Π 1 1 equivalence relations. This perfect set dichotomy states that under AD + , for any equivalence relation E on R, either (i) R/E is wellorderable or (2) R injects into R/E. Section 3 is dedicated to proving this result. A detailed analysis of the proof of this result will be needed for this paper. The proof for case (i) yields a uniform procedure which takes an ∞-Borel code for E and gives a wellordering of R/E. Moreover it shows that in this case, R/E ⊆ OD S , where S is the ∞-Borel code for E. Under ZF + AD + + V = L(P(R)), this will give a more general countable section uniformization (Fact 3.4). It will be seen that in the proof of case (ii), the injection of R will depend on certain parameters. If these parameters could be found uniformly for each equivalence relation from the sequence E α : α < κ , then the proof in case (ii) can uniformly produce injections of R into each R/E α . Together, one would get an injection of R × κ into α<κ R/E α . In general this can not be done; for instance using the example from Fact 4.2. However, this can be done when all the equivalence relations are smooth and have all classes countable then one can prove the following:
. Let κ ∈ ON and E α : α < κ be a sequence of smooth equivalence relations on R with all classes countable. Then R × κ injects into α<κ R/E α .
This shows that R × κ is a lower bound for the cardinal of α<κ R/E α . Section 5 will provide the proof of the relevant half of Hjorth's generalized E 0 -dichotomy. Again, what is important from this result is the observation that if R/E 0 does not inject into R/E, then there is a wellordered separating family for E defined uniformly from the ∞-Borel code for E. If ZF + AD + + V = L(P(R)) holds, then one has a uniform sequence of ∞-Borel codes for the sequence of equivalence relations E α : α < κ , where each E α is smooth. Using the argument of Hjorth's dichotomy, one obtains uniformly a separating family for each E α . This gives a sequence of injections of each R/E α into P(δ) where δ is a possibly very large ordinal. If E α : α < κ consists entirely of equivalence relations with all classes countable, then the generalized countable section uniformization can be used to uniformly obtain a selector for each R/E α . This gives the desired injection into R × κ:
. Let κ be an ordinal and E α : α < κ be a sequence of smooth equivalence relations on R with all classes countable. Then there is an injection of α<κ R/E α into R × κ.
Theorem 5.8 Assume
. Let κ ∈ ON and E α : α < κ be a sequence of smooth equivalence relations on R with all classes countable. Then α<κ R/E α ≈ R × κ and hence α<κ R/E α has the Jónsson property.
Many of the results of [2] concerning the Jónsson property of disjoint unions of quotients of equivalence relations on R with all classes countable were originally proved under AD + using (full) countable section uniformization for relations on [ω 1 ] ω × R. However, most of the results held in merely AD by using just a form of almost-full uniformization, for example comeager uniformization for relations on R × R.
[ 
.) The key ingredient is the ability to uniformize relations ω × R is provable in AD: 
Then there is an uncountable X ⊆ ω 1 , reals σ, w ∈ R, and a formula φ so that for all 
Basics
Models of the theory ZF + AD + + V = L(P(R)) are known as natural models of AD + . Natural models of AD + have several desirable properties. Woodin has shown that these models take one of two forms.
If V = L(J, R) for some set of ordinals J, then it is clear that every set is ordinal definable from J and a real. That is, every set is ordinal definable from some set of ordinals. This is also true in natural models of AD + in which AD R holds:
. Then every set is OD from some element of λ<Θ P ω1 (λ). Definition 2.8. For n ∈ ω and a set of ordinals S, let n O S denote the collection of nonempty OD S subsets of
By using an S-definable bijection of the collection of OD S sets with ON, n O S can be considered as a set of ordinals. In this way, the forcing n O S is a forcing belonging to HOD S .
For
For all Definition 2.12. Let E be an equivalence relation on R. E is smooth if and only if R/E ≈ R. E is weakly smooth if and only if R/E injects into R.
S -set of ordinals and ϕ is a formula. Let N be some transitive inner model with HOD
M S ⊆ N . Suppose p = {x ∈ R : L[K, x] |= ϕ(K, x)} is a condition of O M S (i.e.
is nonempty). Then
Under AD by the perfect set property, E is weakly smooth if and only if R/E is either countable or in bijection with R.
(From the theory of Borel equivalence relations, "smooth" would usually refer to what is called weakly smooth above. In this article, one will reserve the term "smooth" for equivalence relations on R whose quotients are in bijection with R.)
Perfect Set Dichotomy and Wellorderable Section Uniformization
The Silver's dichotomy states the every Π 1 1 equivalence relation E on R has countably many equivalence classes (R/E is hence wellorderable) or E has a perfect set of pairwise E-inequivalent elements (R injects into R/E). Woodin's perfect set dichotomy states: under AD + , for every equivalence relation E on R, either R/E is wellorderable or E has a perfect set of E-inequivalent elements. As a consequence, every set which is a surjective image of R, either the set contains a copy of R or is wellorderable. In natural models of AD + , [1] showed that every set either has a copy of R or is wellorderable. Moreover, a consequence of the proof shows roughly that every wellorderable OD set contains only OD elements. This immediately yields wellorderable section uniformization for rather general relations (on sets) with each section wellorderable. This generalizes Woodin's countable section uniformization for relations on R × R.
This section will provide a proof of Woodin's perfect set dichotomy and the wellorderable section uniformization. An observation about the uniformity of the proof of the perfect set dichotomy will be necessary for studying disjoint unions of quotients of smooth equivalence relations with all classes countable. Later countable section uniformization (for relations on P(δ) × R where δ ∈ ON) will also be needed. All results found in this section are due to Woodin or the authors of [1] . Definition 3.1. Let E be an equivalence relation on R. An E-component is a nonempty set A so that for all x, y ∈ A, x E y. (An E-component is just a nonempty subset of an E-class.)
Proof. Silver [14] proved the Π 1 1 version of this result. Harrington [6] produced a proof of this result using the Gandy-Harrington forcing of nonempty Σ 1 1 subsets of R. This proof will replace Gandy-Harrington forcing with the Vopěnka forcing of nonempty OD subsets of R. Arguments from [11] Chapter 10 and [7] will be adapted.
Using AD + , let (S, ϕ) be an ∞-Borel code for E. In all models considered in this proof, E will always be understood to be the set defined by (S, ϕ).
, and the canonical global wellordering of HOD
and HOD
containing a. For each F ∈ X∈D ω 1 /µ, define A F as follows: Let f : D → ω 1 be such that f ∈ F , i.e. is a representative for F under the relation ∼ of µ-almost equality. For a ∈ R, a ∈ A F if and only if on a Turing cone of X ∈ D, a belongs to the f (X)
according to the canonical global wellordering of HOD
th set is said to be ∅ if there is no f (X)
.) A F is well defined in the sense that it is independent of the chosen representative.
A F is an E-component:
For all a ∈ R, a belongs to some A F : Let f : D → ω 1 be defined as follows: For all X ≥ T [a] T , let f (X) be the least α so that a belongs to the α
. Such an α exists by the Case I assumption.
By Fact 2.7, X∈D ω 1 /µ is wellfounded. Hence A F : F ∈ X∈D ω 1 /µ is a wellordered sequence of E-components so that every a ∈ R belongs to some A F .
Let B F be the E-closure of A F . B F : F ∈ X∈D ω 1 /µ is a surjection of a wellordered set onto the collection of E-classes. By removing duplicates by canonically choosing the least index for each E-class, one obtains a bijection C α : α < δ of some δ ∈ ON onto the collection of E-classes. Note for later purposes that C α : α < δ is obtained uniformly from the ∞-Borel code (S, ϕ). Moreover, each C α is OD S .
(Case II) There exists an X ∈ D and a ∈ R L[S,X] which does not belong to any OD
. The set u is nonempty by the case II assumption and is OD
To prove Subclaim 1.1: Since AD implies ω 
. Since E is defined by the ∞-Borel code (S, ϕ), this means 
Since E has (S, ϕ) as its ∞-Borel code, the condition
¬(x E y)} can be expressed in the form for which the last statement of Fact 2.9 applies. Hence ¬(τ . Using Claim 1, the collection of reals added by generic filters along paths of the perfect tree forms a perfect set of pairwise E-inequivalent reals.
For later purpose of this paper, note that once one chooses an X ∈ D witnessing Case II and the enumeration (
, the embedding of R into R/E is given by the explicit procedure above. Assume ZF + AD + + V = L(P(R)). Suppose S is a set of ordinals. If E is an OD S equivalence relation on R and R does not inject into R/E, then R/E ⊆ OD S . In particular, A ⊆ R is a countable OD S set of reals, then A ⊆ HOD S .
Assume
If A is any OD S set such that R does not inject into A, then A ⊆ OD S and hence wellorderable.
Proof. First work in AD + , the first statement comes from the observation at the end of the Case I argument in Theorem 3.2 that the sequence C α : α < δ is OD S , produced uniformly from (S, ϕ), and each C α ∈ OD S .
If A ⊆ R is countable with ∞-Borel code (S, ϕ), define the equivalence relation E on R by
E has an ∞-Borel code which is OD S . Then apply the first result to E. Now work in ZF + AD + + V = L(P(R)). By Fact 2.5, every OD S set of reals has an ∞-Borel code which is OD S . The result then follows from apply the earlier statements.
The final statement is not needed in this paper. However, the idea is that in natural models of AD + , one can break an arbitrary set A into a uniform sequence of subsets which are surjective images of R. By the assumption that A does not contain a copy of R, each of the pieces do not contain a copy of R. Then Theorem 3.2 uniformly gives a wellordering of each piece. These wellorderings are then coherently patched together into a wellordering of the original set A. Recall that by Fact 2.3, natural models of AD + either take the form L(J, R) for some set of ordinals J or satisfy AD R . This patching for L(J, R) is relatively straightforward. In the AD R case, it is more challenging and uses the unique supercompactness measure on P ω1 (λ) for each λ < Θ. See [1] or [4] for the details.
Fact 3.4. Assume ZF + AD + + V = L(P(R)). Let δ be an ordinal and X be a set. Suppose R ⊆ P(δ) × X is a relation so that for each N ∈ P(δ), the section R N = {x ∈ X : (N, x) ∈ R} is wellorderable, then R has a uniformization.
In particular, if R ⊆ P(δ) × R is a relation so that each R N is countable, then R has a uniformization.
Proof. Using Fact 2.4 and the remarks preceding this fact, R is ordinal definable from some set of ordinals S. So each R N is ordinal definable from the set of ordinals S, N , where ·, · refers to some fixed way of coding two sets of ordinals ino a single set of ordinals. Then Fact 3.3 implies that R N ⊆ OD S,N . The canonical wellordering of OD S,N gives a canonical wellordering of R N . Although the hypothesis states that each R N is wellorderable without, a priori, a uniform wellordering, one in fact does have a uniform wellordering of each section. The function that selects the least element of R N using this canonical uniform wellordering of all sections of R is the desired uniformization function.
Lower Bound on Cardinality
The following section gives a lower bound on the cardinality of disjoint unions of smooth equivalence relations on R. (Later it will be shown that this fact characterizes those subsets of [ω 1 ] <ω1 which are in bijection with a disjoint union of quotients of smooth equivalence relations.) This lower bound is optimal by the following example. (ZF + AD) There is a sequence F α : α < ω 1 of smooth equivalence relation such that α<ω1 R/F α is not in bijection with R × ω 1 .
Proof. Let WO denote the set of reals coding wellorderings. For each α < ω 1 , let WO α denote the set of reals coding wellorderings of order type α. Define F α by
All elements of WO α form singleton F α -classes, and there is a single uncountable OD equivalence class
, where the copy of ω 1 comes from the large equivalence class for each α < ω 1 .
The second statement follows from the fact that under AD, R ⊔ ω 1 is not in bijection with R × ω 1 . ω × R. Countable section uniformization seems to be a powerful tool that allows disjoint unions of quotients of smooth equivalence relations with all classes countable to be studied more easily. Each F α from the sequence F α : α < ω 1 from Fact 4.2 has only one uncountable class. Its disjoint union α<ω1 R/F α is in bijection with R ⊔ ω 1 . A natural question asked in [2] was whether it is necessary to use equivalence relations with uncountable classes to produce a disjoint union which is in bijection with R ⊔ ω 1 . It is also natural to ask if it is possible to determine the cardinality of a disjoint unions of quotients of smooth equivalence relation with all classes countable.
It will be shown later that many subsets of [ω 1 ] <ω1 are disjoint unions of quotients of smooth equivalence relations on R. In particularly, [ω 1 ] <ω1 itself is an ω 1 -length disjoint union of quotients of smooth equivalence relations. Hence having all classes countable is necessary in the results of this paper.
First, it is elucidating to see why a natural attempt to use the argument in Theorem 3.2 Case II is unable to produce a uniform sequence of embeddings of R into R/F α , where F α : α < ω 1 is the sequence of equivalence relations from Fact 4.2.
Suppose E α : α < κ is a wellordered sequence of equivalence relations. The most natural presentation of such a sequence is as a relation R ⊆ κ × R × R defined by (α, x, y) ⇔ x E α y. Under AD + , each E α ⊆ R × R has an ∞-Borel code. For the results of this paper, one will need to uniformly obtain an ∞-Borel code for each E α . It is unclear this can be done for any wellordered sequence of equivalence relations under just AD + . However, in models of ZF + AD + + V = L(P(R)), this will be possible. This motivates the following definition. A sequence E α : α < κ of equivalence relations on R has an ∞-Borel code if and only if the relation R(α, x, y) ⇔ x E α y has an ∞-Borel code.
Note that if (S, ϕ) is an ∞-Borel code for E α : α < κ , then uniformly from (S, ϕ), one can find formulas ϕ α so that ( S, α , ϕ α ) is an ∞-Borel code for E α (in the ordinary sense). (Here S, α is some fixed coding of sets of ordinals so that S and α can be recovered.) Proof. By Fact 2.3 and Fact 2.4, every set is ordinal definable from some set of ordinals. Let S be a set of ordinals so that R is OD S . Let R α = {x : (α, x) ∈ R}. Each R α is OD S . By Fact 2.5, each R α has an ∞-Borel code in HOD S . Let (S α , ϕ α ) be the least ∞-Borel code for R α according to the canonical wellordering of HOD S . Let U = {(α, β) : β ∈ S α }. Then there is some ϕ so that (U, ϕ) is an ∞-Borel code for R in the sense of Definition 4.3. Now suppose that E α : α < κ is a sequence of smooth equivalence relations. Let (S, ϕ) be an ∞-Borel code for this sequence. Hence uniformly, E α has some ∞-Borel code ( S, α , ϕ α ).
By the remark at the end of the proof of Theorem 3.2, an embedding of R into R/E α can be produced uniformly from a choice of X ∈ D so that the Case II assumptions holds and a fixed enumeration (D n :
, one can drop the α. Thus one can uniformly find a sequence of injections of R into R/E α if one could find a single X ∈ D that witnesses the Case II assumption for all equivalence relations E α . With such a sequence, one could then inject R × κ into α<κ R/E α . Now consider the sequence F α : α < ω 1 from Fact 4.2. Note that ∅ can serve as the ∞-Borel code for this sequence. Let X ∈ D. R L[X] is countable. Hence there is some α < ω 1 so that for all β > α, R L[X] ⊆ R\WO β . Hence for all β > α, every real of L[X] belongs to the single ordinal definable uncountable class of E β . So for all β > α, X can not serve as the witness to the Case II assumption. This shows why the natural attempt to inject R × ω 1 into α<ω1 R/F α ≈ R ⊔ ω 1 must fail.
However, when E α : α < ω 1 is a sequence of smooth equivalence relations with all classes countable, this natural attempt does succeed.
For the next theorem, one will partition D into two disjoint sets D = H into one single ordinal by using the wellfoundedness of the ultrapower X∈D ω 1 /µ. This magical ordinal contains so much information that it can then be used to give an OD S definition for the E α -class, [a] Eα , where a / ∈ OD S . Since [a] Eα is a countable OD S sets, this implies a ∈ OD S by Fact 3.3. This yields the desired contradition. The details follow below:
Proof. By Fact 4.4, let (S, ϕ) be an ∞-Borel code for the sequence E α : α < κ . By the description above, it suffices to find a single X ∈ D so that all α < κ, there is some a ∈ R L[S,X] so that a does not belong to any
Fix some a ∈ R which is not OD S . Now for any α < κ, let H 
. This is the desired degree X that witnesses the Case II assumption for all E α . By the remarks above, this allows for the construction of an injection of R × κ into α<κ R/E α which completes the proof.
Upper Bound on Cardinality
Definition 5.1. Let E be an equivalence relation on R. Let S be a collection of nonempty subsets of R. S is a separating family for E if and only if for all x, y ∈ R, x E y if and only if for all A ∈ S, x ∈ A ⇔ y ∈ A. Definition 5.2. E 0 is the equivalence relation ω 2 defined by x E 0 y if and only if (∃m)(∀n ≥ m)(x(n) = y(n)).
The following is Hjorth's E 0 -dichotomy in AD + which generalized the classical E 0 -dichotomy of HarringtonKechris-Louveau [5] . Proof. Note that option (ii) implies that R/E 0 injects in R/E. Suppose option (i) holds. Let S = B α : α < δ where δ is some ordinal be the given separating family. For each x ∈ R, let Ψ(x) = {α : x ∈ B α }. Ψ induces an injection of R/E into P(δ).
As usual in dichtomy results, there are two cases. One case yields the wellordered separating family and the other case yields an embedding. For the purpose of this paper, one is more concerned with producing the wellordered separating family. Moreover, one needs to observe that the wellordered separating family and its wellordering is produced uniformly from the ∞-Borel code for E. The following will give the argument to produce a wellordered separating family. The embedding case will be omitted as it is not relevant for this paper.
Let (S, ϕ) be an ∞-Borel code for E. Regardless of the universe in consideration, E will always be considered as the set defined by the ∞-Borel code (S, ϕ).
which is E-invariant in L[S, X] and a ∈ C and b / ∈ C. For each F ∈ X∈D ω 1 /µ, define A F as follows: Let f : D → ω 1 be such that f ∈ F , that is f is a representative of F . For a ∈ R, a ∈ A F if and only if on a Turing cone of X ∈ D, a belongs to the f (X)
-set, then let this set be ∅.) Note that A F is well defined.
A F is E-invariant: Suppose a, b ∈ R, a E b and a ∈ A F . Pick f ∈ F . Since a ∈ A F , there is some (S, a, b, ) . Thus b also belongs to the f (X)
. Hence b ∈ A F . By Fact 2.7, X∈D ω 1 /µ is wellfounded. Hence S = A F : F ∈ X∈D ω 1 /µ is a wellordered set of E-invariant subsets of R.
S is a separating family for E: Suppose a, b ∈ R and ¬(a E b).
contains a but not b. Such an α exists from the Case I assumption. If X is not Turing above Z, then let f (X) = ∅. Let F = [f ] ∼ , where ∼ is the µ-almost equal relation. Then A F ∈ S, a ∈ A F , and b / ∈ A F . In conclusion, one has shown that S is a wellordered separating family for E. (Case II) There is some X ∈ D and some a, b ∈ R L[S,x] with ¬(a E b) such that there are no E-invariant
so that a ∈ C and b / ∈ C. The idea is that this case assumption gives a natural condition in the forcing O
L[S,X] S
for which a perfect tree of mutual O
below this condition serves as the desired embedding. The details can be found in [7] and are omitted since this case is not relevant for the rest of the paper.
Proof. By Fact 4.4, let (U, ϕ) be an ∞ code for E α : α < κ . Uniformly from (U, ϕ), one obtains ∞-Borel codes ( U, α , ϕ α ) for each E α . Since each E α is smooth, R/E α ≈ R. Since under AD, R/E 0 does not inject into R, Case I from the proof of Fact 5.3 must occur. The proof in Case I uniformly produces, from ( U, α , ϕ α ), a separating family S α = A α γ : γ < δ for E α , where δ is the ordertype of X∈D ω 1 /µ. Let Φ α : R → P(δ) be defined by Φ α (x) = {γ : x ∈ A α γ }. Since S α is a separating family for
where0 is the constant 0 sequence. For each (α, B) ∈ κ × P(δ), the section R (α,B) is countable. Fact 3.4 implies that there is a uniformization function F : (κ × P(δ)) → R.
A set X has the Jónsson property if and only if for all f : If for every perfect tree p, α<κ R/E α ≈ α<κ [p]/E α , then Fact 5.7 would imply that α<κ R/E α has the Jónsson property. However, in general these two sets can not be in bijection since R/E 0 does not have the Jónsson property. In this particular case, the p satisfying fact 5.7 is not an E 0 -trees (see [3] Definition 5.2), i.e. a perfect tree with certain symmetry conditions. Combining Theorem 4.5 and 5.4, one can determine the cardinality of disjoint unions of quotients of smooth equivalence relations with all classes countable and show that they have the Jónsson property.
Theorem 5.8. Assume ZF + AD + + V = L(P(R)). Let κ ∈ ON and E α : α < κ be a sequence of smooth equivalence relations on R with all classes countable. Then α<κ R/E α ≈ R × κ and hence α<κ R/E α has the Jónsson property.
Disjoint Union of Quotients of Smooth Equivalence with Uncountable Classes
This section will show that in natural models of AD + many subsets below [ω 1 ] <ω1 are in bijection with disjoint unions of quotients of smooth equivalence relations on R. It will be shown that any subset of [ω 1 ] <ω1 that contains R ⊔ ω 1 can be written in this way. The argument is similar to the example F α : α < ω 1 produced in the proof of Fact 4.2. Note that each F α has one uncountable equivalence class that holds the reals that are not used for coding. In the following argument, the existence of a copy of ω 1 is again used to handle these classes.
Recall the distinction between smooth and weakly smooth from Definition 2.12. The first result of the next theorem is proved in just ZF + AD. The quotients of the weakly smooth but not smooth E α 's are (non-uniformly) in bijection with a countable ordinal. The uniformity of ∞-Borel code will be important in the argument to absorb these quotients of the weakly smooth but not smooth equivalence relations into ω 1 . Thus it is unclear if the second statement of the next theorem is provable in just AD or AD + .
and ω 1 injects into X. Then there exists a sequence E α : α < ω 1 of weakly smooth equivalence relations on R so that X is in bijection with α<ω1 R/E α .
<ω1 and R ⊔ ω 1 injects into X. Then there exists a sequence E α : α < ω 1 of smooth equivalence relations on R so that X is in bijection with α<ω1 R/E α .
Therefore, X ⊆ [ω 1 ] <ω1 has a sequence E α : α < ω 1 of smooth equivalence relations such that X ≈ α<ω1 R/E α if and only if R ⊔ ω 1 injects into X. Proof. Since ω 1 injects into X, let X = X 0 ⊔X 1 where X 1 is in bijection with ω 1 . Henceforth, say X = X 0 ⊔ω 1 .
Let WO denote the set of reals coding wellorderings on ω. Note that ω R is in bijection with R. For α < ω 1 , let WO α be the set of j ∈ ω WO so that for all m = n, ot(j(m)) = ot(j(n)) and sup{ot(j(n)) : n ∈ ω} = α.
Note that each ω R/E α has one distinguished equivalence class corresponding to <ω1 which contains a copy of ω 1 is a disjoint union R/E α where each R/E α is either countable or in bijection with R.) By Fact 4.4, there is an ∞-Borel code (S, ϕ) for E α : α < ω 1 in the sense of Definition 4.3. As before, one can thus obtain uniformly the ∞-Borel code (in the ordinary sense) for each E α .
Let A = {α ∈ ω 1 : | ω R/E α | = ℵ 0 }. The argument in Case I of Theorem 3.2 shows that uniformly in the ∞-Borel code for E α for α ∈ A, there is a wellordering of ω R/E α . Let B = ω 1 \ A. B = ∅ since otherwise using the uniform wellordering of ω R/E α for all α ∈ A = ω 1 , one could produce a bijection of α<ω1 ω R/E α with ω 1 . It was shown above that α<ω1 ω R/E α is in bijection with X 0 ⊔ ω 1 = X. However X contains a copy of R. Contradiction.
Using the uniform wellordering of ω R/E α for all α ∈ A, the set K = {⋆ α : α ∈ ω 1 } ∪ α∈A ω R/E α (these two sets are not disjoint) is in bijection with ω 1 . If B is countable, then α<ω1 ω R/E α = K ∪ α∈B ω R/E α is in bijection with R ⊔ ω 1 . By Fact 4.2, this set is a disjoint union of quotients of smooth equivalence relations on R. Now suppose B is uncountable. Since K ≈ ω 1 , pick a bijection of K with {⋆ α : α ∈ B}. Since α<ω1 ω R/E α = K ⊔ α∈B ( ω R/E α ) \ {⋆ α }, the map that sends K to {⋆ α : α < ω 1 } via the fixed bijection above and the identity on α∈B ( ω R/E α ) \ {⋆ α } is a bijection of α<ω1 ω R/E α with α∈B ω R/E α . It has been shown that X is a disjoint union of quotients of smooth equivalence relations.
Of course, ω 1 and R cannot be written as a wellordered disjoint union of quotients of smooth equivalence relations. There are other examples.
The next result is a consequence of very powerful dichotomy results proved in [15] . The following is an explicit proof of this result. Proof. For each r ∈ R, consider it as a subset of ω. Let Ψ(r) be the subset ω
consisting of r and all infinite ordinals less than ω
. Ψ(r) ∈ S 1 and Ψ is injective as a function from R into S 1 . Suppose Φ : ω 1 → S 1 is an injection. Φ can be coded as a subset of ω 1 . Note that sup({Φ(α) : α ∈ ω 1 }) = ω 1 because otherwise Φ would be injecting into [α] <α for some α < ω 1 . The latter is in bijection with R. This would imply that there is an uncountable wellordered sequence of reals. Also note that since
is not an ω 1 -length disjoint union of quotients of smooth equivalence relations, but S 1 ⊔ ω 1 is. 
Almost Full Countable Section Uniformization for
Proof. See [2] Fact 4.19 and the subsequent discussions.
Using some of the ideas above, one can prove in AD + , the (full) countable section uniformization for ω ×R with all sections countable. This will suffice to proves the statement of Fact 7.2 in AD alone. Definition 7.3. Fix a recursive bijection ·, · : ω × ω → ω. For x ∈ R, let (x) m ∈ R be defined by (x) m (n) = x( m, n ). Using the pairing function, one can also code relations on ω of various arity as a subset of ω.
Let WO denote the reals coding wellorderings on ω. Let WO ω be the set of reals x so that for all n ∈ ω, (x) n ∈ WO and for all m < n, ot((
ω has a code in WO ω ). Fix throughout, W ∈ WO to be a recursive wellordering of ordertype ω · ω. In context, α < ω · ω will refer to the element of ω which corresponds to the ordinal α according to the wellordering W . Similarly in context, < will refer to the wellordering given by W .
Let WO ω·ω denote the set of x ∈ R so that for all n ∈ ω, (x) n ∈ WO, and for all α, β ∈ ω · ω, α < β if and only if ot((x) α ) < ot((x) β ). (Here α and β refer to the natural numbers corresponding to α and β, respectively, according to
, then WO X be the x ∈ WO so that ot(x) ∈ X. WO ω X and WO ω·ω X are defined as above with WO replaced by WO X .
Suppose C ⊆ ω 1 is closed and unbounded. Let
There exists a σ ∈ R and some closed and unbounded
Moreover there is some formula ϕ so that for all
Proof. The first half of this argument is similar to Martin's proof of the partition relation ω → (ω 1 ) ω 2 . The second half is similar to the proof of Woodin's countable section uniformization for relations on R × R as exposited in [12] .
Consider the following game: Player 1 and 2 take turns playing integers. Player 1 produces a real x. Player 2 produces two reals y and z.
Player 1 x Player 2 y, z (As before, ordinals α < ω · ω are considered natural numbers according to the fixed wellordering W when required in context.) (Case A) If there is a least α < ω · ω so that (This means that one of the two players fails to ensure that every section of its own real codes a wellordering or fails to produce a wellordering larger than the wellordering of all the previous sections of both reals. In this case Player 2 wins if and only if Player 1 is the first to fail in this manner.) (Case B) Suppose there is no such α as above. Define h ∈ [ω 1 ] ω by h(α) = sup{ot((x) α ), ot((y) α )}. Player 1 wins if ¬R(h, z).
This completes the definition of the payoff set of the game.
Claim 1: Player 1 does not have a winning strategy in this game.
To see this. Suppose σ is a winning strategy for Player 1. For each α < ω · ω and β < ω 1 , let B α β be the set of r ∈ WO so that there exists some y ∈ R and z ∈ R so that for all γ < α, (y) γ ∈ WO, sup{ot((y) γ ) : γ < α} < β, and if x is the result of Player 1 in σ * (y, z), then r = (x) α . B α β is Σ 1 1 (using a code for β as a parameter). By the boundedness principle, there is some δ α β < ω 1 so that for all r ∈ B α β , ot(r) < δ α β . Let C be the set of η < ω so that for all α < ω · ω and β < η, δ α β < η. Let f ∈ [ ω C] ω . Pick some g ∈ [C] ω·ω so thatg = f . Let y ∈ WO ω·ω C be such that g y = g. Let z ∈ R f . Play σ * (y, z). Let x be the response produced by Player 1 according to σ. Define h(α) = sup{ot((x) α ), ot((y) α )}. By definition of C, ot((x) α ) < ot((y) α ). Thush =g = f . Then R(h, z). Player 2 won. This contradicts σ being a winning strategy for Player 1. This completes the proof of Claim 1. Now suppose that σ is a winning strategy for Player 2. For each α < ω · ω and β < ω 1 , let B α β be the set of r ∈ WO so that there exists some x ∈ R, so that for all γ ≤ α, (x) γ ∈ WO, sup{ot((x) γ ) : γ < α} < β, and if (y, z) is the response of Player 2 from x * σ, then r = (y) α . Each B ω . Use the player 2 stategy σ to play against x to produce the play x * σ. Let (y, z) be Player 2's response from the play x * σ. Let h(α) = sup{ot((x) α ), ot((y) α )}. Using the definition of C as before,h = h x . Since σ is winning for Player 2, one has that R(h x , z). Note that z ≤ T x ⊕ σ. From this description, one can allow ϕ(σ, x, z) to be the formula that asserts that there is some y so that (y, z) is Player 2 response in the play x * σ. Now to prove the uniformization result: Assume that for all f ∈ [ω 1 ] ω , |R f | ≤ ℵ 0 . Let C be the club set from above. By a result of Solovay ([13] Lemma 2.8), there is some w ∈ R so that C is definable in L[w] from some fixed formula using w. . Let m ∅ = 0. Suppose for some σ ∈ <ω 2, p σ and m σ have been defined. Since p σ ≤ p ′ , no condition extending p σ can determine π 2 (τ ). Thus there is some N > m σ and some least pair p 0 , p 1 ≤ p σ so that, p 0 , p 1 ∈ D |σ|+1 , p 0 and p 1 both decides π 2 (τ ) ↾ N and p i π 2 (τ )(Ň ) =ǐ (that is, decides the value at N differently). Let m σˆi = N + 1 and p σˆi = p i for both i ∈ 2. This produces a sequence p σ : σ ∈ <ω 2 . For each r ∈ R = ω 2, let G r be the upward closure of {p r↾n : n ∈ ω}. G r is a G r ) ). By the absoluteness of the coding, π 1 (τ [G f ]) is a C-code for f in V . By the property of the formula ϕ (namely its upward absoluteness), one has that R(f, π 2 (τ [G r ])) holds in V . Thus it has been shown that for all r ∈ R, π 2 (τ [G r ]) ∈ R f . This contradicts |R f | ≤ ℵ 0 . Claim 2 has been proved.
